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Limit State Method 

Limit state method 

The acceptable limit of safety and serviceability requirements before failure occurs is called a 

limit state. A limit state is a state of impending failure, beyond which a structure ceases to 

perform its intended function satisfactorily, i.e. it either collapses or becomes unserviceable. 

In the concept of limit state, the structure shall be designed to withstand all loads liable to act on 

it throughout its life. It shall also satisfy the serviceability requirements such as limitations on 

deflection and cracking, etc. The aim of the design is to achieve acceptable probabilities that the 

structure will not become unfit for use for which it is intended, i.e. it will not reach its limit state 

during its design life period. All the relevant limit states shall be considered in the design. In 

general, the structure shall be designed for most critical limit state and checked for all other limit 

states. 

To ensure the above objective, the design should be based on the characteristic values of the 

material strengths and applied loads, which take into account the variations in the material 

strengths and in the loads to be supported. The characteristic values should be based on statistical 

data if available, where such data are not available, they should be based on experience. The 

design values are derived from the characteristic values through the use of partial safety factors, 

one for material and the other for loads.      

Types of limit states: 

1. Limit state of collapse 

a. Limit state of collapse in flexure  

b. Limit state of collapse in compression  

c. Limit state of collapse in compression and uniaxial bending 

d. Limit state of collapse in compression and biaxial bending 

e. Limit state of collapse in shear 

f. Limit state of collapse in torsion 

g. Limit state of collapse in tension 

2. Limit state of serviceability 
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a. Limit state of deflection  

b. Limit state of cracking 

c. Limit state of vibration, fire resistance, durability, etc. 

Limit state of collapse 

The limit state of collapse of the structure or part of the structure could be assessed from rupture 

of one or more critical sections and from buckling due to elastic or plastic instability (including 

the effects of sway where appropriate) or overturning. The resistance to bending, shear, torsion 

and axial loads at every section shall not be less than the appropriate value at that section 

produced by the probable most unfavourable combination of loads on the structure using the 

appropriate partial safety factors. 

Limit state of serviceability 

Limit state of serviceability relates to the performance or behavior of structure at working loads. 

To satisfy the limit state of serviceability the deflection and cracking shall not be excessive. 

Durability is taken care of by prescribing appropriate grade of concrete, nominal cover for 

various exposure conditions, cement content etc. 

a.  Limit state of deflection  

The deflection of a structure or parts thereof shall not adversely affect the appearance or 

efficiency of the structure or finishes or partitions. This has been dealt with in Cl. 23.2 (Page 37) 

of IS 456: 2000.  

b. Limit state of cracking  

Cracking of concrete should not adversely affect the appearance or durability of the structure; the 

acceptable limits of cracking would vary with the type of structure and environment. The surface 

width of the cracks should not, in general, exceed 0.3 mm in members where cracking is not 

harmful and does not have any serious adverse effects upon the preservation of reinforcing steel 

nor upon the durability of the structures. 

In members where cracking in the tensile zone is harmful either because they are exposed to the 

effects of the weather or continuously exposed to moisture or in contact soil or ground water, an 

upper limit of 0.2 mm is suggested for the maximum width of cracks. For particularly aggressive 

environment, such as the 'severe' category in Table 3, the assessed surface width of cracks should 

not in general, exceed 0.1 mm. 
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Where specific attention is required to limit the designed crack width to a particular value, crack 

width calculation may be done using formula given in Annex F. 

Characteristic Strength of Materials (Cl. 36.1, Page 67) 

The term 'characteristic strength' means that value of the strength of the material below which 

not more than 5 percent of the test results are expected to fall. This implies that there is only 5% 

probability or chance of actual strength being less than the characteristic strength. In other words 

characteristic strength has 95% reliability. 

Characteristic strength of concrete (Table 2, Page 16)   

Characteristic strength of concrete is denoted by fck (N/mm2). The characteristic strength of 

various grades of concrete is given in Table 2, IS 456: 2000 (Page 16). The symbol M, in the 

designation of concrete mix, refers to the mix and the number specifies the compressive strength 

of 150 mm size cube at 28 days expressed in N/mm2.   

 

Characteristic strength of steel 

Until the relevant Indian Standard Specifications for reinforcing steel are modified to include the 

concept of characteristic strength, the characteristic value shall be assumed as the minimum yield 

stress/0.2 percent proof stress specified in the relevant Indian Standard Specifications. The 

characteristic strength of steel is designated by symbol fy (N/mm2). 
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Characteristic Loads (Cl. 36.2, Page 67) 

The term 'characteristic load' means that value of load which has a 95 percent probability of not 

being exceeded during the life of the structure. Since data are not available to express loads in 

statistical terms, for the purpose of this standard, dead loads given in IS: 875 (Part 1).imposed 

loads given in IS: 875 (Part2), wind loads given in IS: 875 (Part 3), snow load as given in IS: 875 

(Part 4) and seismic forces given in IS: 1893 shall be assumed as the characteristic loads. 

Design Strength of Materials (Cl. 36.1, Page 67) 

The design strength of the materials is given by 

m

d

f
f


  

where 

fd = characteristic strength of the material and 

γm = partial safety factor appropriate to the material and the limit state being considered. 

Design Loads (36.3.2, Page 68) 

The design load, Fd is given by 

    fd FF   

where 

F = characteristic load (see 36.2).and 

γf = partial safety factor appropriate to the nature of loading and  

       the limit state being    considered. 

Partial Safety Factor γm for Material Strength (Cl. 36.4.2, Page 68) 

When assessing the strength of a structure or structural member for the limit stale of collapse, the 

values of partial safety factor, γm should be taken as 1.5 for concrete and 1.15 for steel. A higher 

value of partial factor of safety (γm = 1.5) for concrete has been adopted because there is greater 

chance of variation of strength of concrete due to improper compaction, inadequate curing, 

improper batching and mixing and variation in properties of ingredients. The chances of 

variation in the strength of reinforcement are known to be small and hence a lower value (γm = 

1.15) has been adopted. It should be noted that γm values are a1ready incorporated in the 

equations and tables given in IS 456: 200 for the limit state design. 
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Partial Safety Factor γf for Loads (Cl. 36.4.2, Page 68) 

The partial factor of safety (γf) for loads are given in Table 18 of IS 456: 200 (Page 68) shall 

normally be used. 

 

The factored load, shear, moment and axial load, etc. in limit state design will be 1.5 times the 

corresponding value for elastic design (working stress method of design). The respective values 

of dead load and live loads are PPVVMMWWww uuuuu 5.1,5.1,5.1,5.1,5.1   

Idealized stress – strain curve for concrete (Fig. 21, Page 69) 

The compressive stress of concrete in the actual structure is assumed to be 0.67 fck. The factor 0.67 is 

introduced to account for the size effect based on the assumption that the concrete in the structure 

develops a strength of only 0.67 times the strength of the cube. The partial factor of safety γm = 1.5 is 

applied in addition to this. Thus, the design curve is obtained as shown in the figure. Thus, the 

maximum compressive stress in concrete for design purpose is equal to 0.45 fck. It is to be noted 

that each curve is parabolic in the initial portion upto a strain of 0.002. At a strain of 0.002 (0.2% strain), 

the stress remains constant with increasing load, until a strain of 0.35% is reached, when the 

concrete is said to have failed.  
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Idealized stress – strain curve for steel (Fig. 23A & B, Page 70) 

 

Idealized stress-strain curve of mild steel and cold-worked deformed bars (Fe 415 and Fe 500) as 

recommended by IS 456: 2000 is reproduced in Fig. xxxxx. The modulus of elasticity of all types 

of reinforcing steel, E I taken as 2 x 105 N/mm2. The stress-strain relationship for steel in tension 

and compression is assumed to be the same. 
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For mild steel the stress is proportional to the strain upto yield point and thereafter the strain 

increases at a constant stress of fy. The design yield stress of steel is equal to myf  . With

15.1m , the design yield stress becomes .87.0 yf   

For cold-worked bars (Fe 415 and Fe 500 HYSD bars), there is no definite yield point; hence 

yield stress is taken as 0.2% proof stress. The stress-strain curve is linear upto a stress of yf8.0

and the strains are elastic. Thereafter the stress-strain curves are defined as given below. 

 

 

Stress Inelastic strain Stress Inelastic strain 

yf8.0  Nil 
yf95.0  0.0007 

yf85.0  0.0001 
yf975.0  0.001 

yf9.0  0.0003 
yf0.1  0.002 

To find out the stress for a given strain value, a stress-strain graph shall be drawn using the 

values in the table. For plotting the graph, stress-strain relation may be assumed to be linear 

between above defined points. 
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Example: For Fe 415 grade steel, 

At 0.8fy, the strain will be )(00166.0
102

4158.08.0
5

strainElastic
E

f y





 . 

At 0.85fy, the strain will be 00186.0)(0001.0)(
102

41585.0
5





 inelasticelastic   

For the given strain, now the stress can be found from the graph. 

The design stress-strain curve can be similarly obtained by substituting fyd for fy.  

For Fe 415 grade of steel, 

Stress level 0.85fyd, Design stress 2/7.306
15.1

41585.085.0
mmN

f

m

y






and 

                                            Strain 00163.0)(0001.0)(
102

7.306
5




 inelasticelastic  

Stress level 0.9fyd, Design stress 2/8.324
15.1

4159.09.0
mmN

f

m

y






and 

                                            Strain 00192.0)(0003.0)(
102

8.324
5




 inelasticelastic  

The salient points of design stress-strain curve for two types of cold-worked steel (Fe 415 and Fe 

500) are given in table. 

Stress level Fe 415 steel: 
2/415 mmNf y   Fe 500 steel: 

2/500 mmNf y   

Strain Stress (N/mm2) Strain Stress (N/mm2) 

ydf8.0  0.00144 288.7 0.00174 347.8 

ydf85.0  0.00163 306.7 0.00195 369.6 

ydf9.0  0.00192 324.8 0.00226 391.3 

ydf95.0  0.00241 342.8 0.00277 413.0 

ydf975.0  0.00276 351.8 0.00312 423.9 

ydf0.1  0.00380 360.9 0.00417 434.8 

Limit State of Collapse: Flexure 

Assumptions: 

Design for the limit state of collapse in flexure shall be based on the assumptions given below: 
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a) Plane sections normal to the axis remain plane after bending. 

b) The maximum strain in concrete at the outermost compression fibr is taken as 0.0035 in 

bending. 

c) The relationship between the compressive stress distribution in concrete and the strain in 

concrete may be assumed to be rectangle, trapezoid, parabola or any other shape which 

results in prediction of strength in substantial agreement with the results of test. An 

acceptable stress-strain curve is given in Fig. 21 (Cl. 38.1, Page 69). For design purposes, 

the compressive strength of concrete in the structure shall be assumed to be 0.67times the 

characteristic strength. The partial safety factor γ = 1.5 shall be applied in addition to this. 

d) The tensile strength of the concrete is ignored. 

e) The stresses in the reinforcement are derived from representative stress-strain curve for 

the type of steel used. Typica1 curves are given in Fig. 23 (Cl. 38.1, Page 70). For design 

purposes the partial safety factor γm equal to 1.15 shall be applied. 

f) The maximum strain in the tension reinforcement in the section at failure shall not be less 

than: 

002.0
15.1


s

y

E

f
 

where    yf  Characteristic strength of steel, and 

 sE  Modulus of elasticity of steel 

This assumption is intended to ensure ductile failure, that is, the tensile reinforcement has to 

undergo a certain degree of inelastic deformation before the concrete fails in compression. 

Stress block parameters and depth of neutral axis: 

IS 456: 2000 recommends the flexural compressive strength of concrete equal to 0.67fck with a 

partial factor of safety γm = 1.5 applied over it. The corresponding stress-strain diagram is shown 

in the Fig. xx.  

Fig.  yyy shows the single reinforced beam section, strain variation and stress variation across 

the depth of the section.  

Strain in the concrete is proportional to the distance from neutral axis. 

    
0035.0

002.01 
ux

x

OD

OC
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Depth of parabolic portion,  uxxOC
7

4
1   

    uu xxODOCxCD
7

4
2   

Depth of rectangular portion,   uxx
7

3
1 

 

 

 

Area of rectangular portion, ABCD of the stress block, 

 uckcku xffxA 19.0446.0
7

3
1   

Area of parabolic portion, OAD of the stress block, 

    uckcku xffxA 17.0446.0
7

4

3

2
2    

Total area of the stress block,    uckuck xfxfA 19.017.0   

           uck xf36.0  

Centroid of the stress block from extreme compression fibre, 

                                                     
A

xAxA
y 2211 
  
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u

u

uck

uuuuuck

x
x

xf

xxxxxf

42.0
36.0

1.2

36.0

7

4

8

3

7

3
17.0

7

3

2

1
19.0























 

 

 

Provision of IS 56: 2000 requires that maximum strain in steel should not be less than

002.0
87.0


sE

. This limits depth of neutral axis. 

From the strain diagram,  

   
su

cu

u

u

xd

x






 max,

max,
 

       

002.0
87.0

0035.0

0035.0max,








s

ysucu

cuu

E

fd

x




 

                                            
ys

su

fE

E

d

x

87.00055.0

0035.0max,


  

Substituting the value of 25 /102 mmNEs  , 
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we get     
y

u

fd

x

87.01100

700max,


  

The values of limiting depth of neutral axis for various grades of steel are as given in the table. 

Grade of steel Fe 250 Fe 415 Fe 500 Fe 550 

 sufailureatStrain  0.0031 0.0038 0.042 0.0044 

d

xu max,
 

0.53 0.48 0.46 0.44 

 

Modes of failure and types of section: 

Based on extensive test results, maximum strain criteria have been accepted as the failure criteria 

for a reinforced concrete member in flexure. A reinforced concrete member is assumed to have 

failed if the strain, c in extreme compression fibre reaches ultimate value of )0035.0(cu . At 

this stage, the actual strain )( s in steel can have three possible values which decides the nature 

of the section. 

 

a) Balanced section: Actual strain s  in steel is equal to failure strain or ultimate strain su  

of steel, i.e., lim,ss   . 

b) Under-reinforced section: Actual strain s  in steel is more than failure strain or ultimate 

strain su  of steel, i.e., lim,ss   . 
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c) Over-reinforced section: Actual strain s  in steel is less than failure strain or ultimate 

strain su  of steel, i.e., lim,ss   . 

 

 



Limit State Method 

 

Dr. Santosh Kumar Nayak                                                 14 
 

 

Singly reinforced rectangular section 

A singly reinforced rectangular beam section with strain diagram and stress diagram are shown 

in the Figure .  The formulae are derived by the assumptions as in limit state method. 

 

Neutral axis:  

  Total compressive force on the section, bxfC ucku 36.0  

 Total tensile force on the section, styu AfT 87.0   

For equilibrium of the section,                   uu TC   
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 styuck Afbxf 87.036.0                                                        

         
bf

Af
x

ck

sty

u
36.0

87.0


 

              (1) 

The value of the depth of neutral axis, ux as obtained from the above equation should not exceed 

max,ux for a given section. If max,uu xx  , the depth of neutral axis shall be taken as max,ux . 

Lever arm, uxdz 42.0   

Moment of resistance: 

1) For balanced section,    

Moment of resistance = total compression x lever arm 

   = total tension x lever arm 

Considering compressive force (under-reinforced and balanced section), 

  
uucku xdbxfM 42.036.0   

 
242.0136.0 db

d

x

d

x
fM uu

cku 







                                           (2)   

For limiting value of neutral axis, substituting max,ux for ux and lim,uM for lim,uM , 

we have 2max,max,

lim, 42.0136.0 db
d

x

d

x
fM

uu

cku 







   

       2

lim dbQ  

                          

where 

             
2

lim,

lim
bd

M
Q

u


 
                                                   










d

x

d

x
f

uu

ck

max,max,
42.0136.0                     (3) 

limQ is known as moment of resistance factor for balanced rectangular section. 
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Limiting moment of resistance factor for various grades of material 

2/, mmNf ck  2/, mmNf y  

250 415 500 550 

20 2.96 2.76 2.66 2.58 

25 3.70 3.45 3.33 3.23 

30 4.44 4.14 3.99 3.87 

2) For under-reinforced section 

Moment of resistance,  
ustyu xdAfM 42.087.0     

Substituting the value of 
bf

Af
x

ck

sty

u
36.0

87.0
  

 








 


bf

Af
dAfM

ck

sty

styu
36.0

87.042.0
87.0  

                                                 











dbf

Af
dAf

ck

sty

sty 187.0                                            (4) 

Dividing both sides by 287.0 dbf y   

            











dbf

Af

bd

A

dbf

M

ck

styst

y

u 1
87.0 2

  

Substituting 
100

dbp
A t

st  , 

2

2 10010087.0

















 t

ck

yt

y

u p

f

fp

dbf

M
 

 0
87.0100100 2

2



















dbf

Mpp

f

f

y

ytt

ck

y
 

which on solving gives 

 

ck

y

u

ckt

f

f

bd

M

fp

2

6.4
11

100

2


  



Limit State Method 

 

Dr. Santosh Kumar Nayak                                                 17 
 

                                         























cky

u

ck

t
ff

bd

M

f
p

2

6.4
11

50                                                     (5) 

The positive value of the root of the equation will give larger area of steel than lim,tp and hence 

not considered. 

From equation (5), for given values of cky ff and and for different values of 
2bd

M u , the 

reinforcement percentage tp  can be plotted and tabulated. SP:16 contains chart 1 to 18 and 

tables 1 to 4 based on the above equation.  

Limiting reinforcement 

Substituting 
2

lim,

bd

M u
for 

2bd

M u in equation (5) 

For M20 grade of concrete and Fe 415 grade steel 

 76.2
2

lim,

lim 
bd

M
Q

u
 

Hence                               96.0
20415

76.2
20

6.4
11

50 




















tp  

For different grades of concrete and steel, the values of lim,tp are tabulated as 

Limiting Percentage Of Reinforcement pt,lim For Singly Reinforced Rectangular Section 

Grade of 

concrete
2/, mmNf ck  

Grade of steel 
2/, mmNf y  

Fe 250 Fe 415 Fe 500 Fe 550 

M15 1.32 0.72 0.57 0.50 

M20 1.75 0.96 0.76 0.66 

  M25 2.19 1.20 0.95 0.83 

M30 2.63 1.44 1.14 0.99 
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Types of problems: 

There are three types of problems in singly reinforced beams. 

Type I:  Determination of moment of resistance of a section. 

The moment of resistance of a singly reinforced rectangular section is determined as follows. 

1) Determine the depth of neutral axis from the following equation. 

 
236.0

87.0

dbf

Af

d

x

ck

styu   

2) Compare this with the limiting depth of neutral axis, max,ux determined from the following 

equation.  

 
y

u

fd

x

87.01100

700max,


  

If 
d

x

d

x uu max,
 , the section is under-reinforced. The moment of resistance is determined from 

any of the following formulae. 

 
242.0136.0 db

d

x

d

x
fM uu

cku 







   

                                                  











dbf

Af
dAfM

ck

sty

styu 187.0      

                                               
uucku xdbxfM 42.036.0    

If 
d

x

d

x uu max,
 , the section is balanced. The moment of resistance is determined from the 

following formula. 

                                          2max,max,

lim, 42.0136.0 db
d

x

d

x
fM

uu

cku 







               

If 
d

x

d

x uu max,
 , the section is over-reinforced. The moment of resistance of such section is 

limited to lim,uM  since code has prohibited the use of over-reinforced section.  

Type II:  Determination of actual stresses in a given section subjected to a given B. M. 

This problem will be dealt with a numerical later with example for better clarity of 

understanding. 
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Type III:  Design a section to resist a given ultimate design moment. 

Design of section requires determination of  

1. dimension of beam, i.e., width b and effective depth d, and 

2. area of steel so as to develop a given moment of resistance. 

Ideally, the objective of the designer is to design a balanced section so that the ultimate stresses 

in both the materials are developed simultaneously. However such a design may not be 

economical. Practical considerations may demand to fix some uniform cross-sectional 

dimensions. In such situation, the design may result in a singly reinforced balanced section, 

under-reinforced section or doubly reinforced section. However, if the section has to be singly 

reinforced, an under-reinforced section is always desirable in limit state method. 

The following steps may be followed for the design of beam section. 

1. The width is generally decided by the functional architectural requirement of the 

building.  

2. The depth is then determined by considering the beam as balanced section. 

   
bQ

M
d u

bal

lim

   

Design of a balanced beam with this depth is hardly possible since it requires a fixed percentage 

of reinforcement to be provided for perfectly balanced section. If more area of steel is provided, 

the section becomes over-reinforced. Therefore under-reinforced section with larger depth 

remains the only option.    

3. Assume 5% increase in effective depth for mmd 500  (Case 1) and 10% increase in 

depth for mmd 1000500   (Case 2). 

4. Assume one layer of 20 mm diameter bars for Case 1 and two layers of 20 mm diameter 

bars for Case 2. 

5. If the clear cover to the reinforcement is 30 mm, 

effective cover = 30 + 10 = 40 mm (Case1) 

                    = 30 + 20 + 10 = 60 mm (Case2) 

6. The overall depth can be obtained as 

   
)2(60

)1(40

Casemmd

CasemmdD




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7. The value so obtained shall be rounded upto nearest 25 mm. 

8. The revised effective is determined as 

   
)2(60

)1(40

CasemmD

CasemmDd




 

9. Determine 
stt

u Ap
db

M
and,

2
 using the relevant equations for under reinforced section. 

   























cky

u

ck

t
ff

bd

M

f
p

2

6.4
11

50    or 

        
ustyu xdAfM 42.087.0     

Also determine the lim,stA . 

10. Select the suitable diameter of bar and numbers such that reqdstst AA , and also 

lim,stst AA  .                        

Type IV: Given factored moment, Mu and dimension of section (b x d), determine the area 

of reinforcement 

The following steps may be followed for the design of beam section. 

1. Determine the limiting moment of resistance  

 2max,max,

lim, 42.0136.0 db
d

x

d

x
fM

uu

cku 







     

       There are three possibilities.    

a) If lim,uu MM  , it will result a balanced section. The area of steel is found by the 

following ways. 

  









d

x
dAfM

u

styu

lim,

lim, 42.0187.0   or  

 























cky

u

ck

t
ff

bd

M

f
p

2

lim,

lim,

6.4
11

50                    
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b) If lim,uu MM  , it will result in a over-reinforced section. Since, design of over-reinforced 

section is prohibited by code; a double reinforced section shall be designed. 

c) If lim,uu MM  , it will result in an under-reinforced section.   

 











dbf

Af
dAfM

ck

sty

styu 187.0    Or 

  























cky

u

ck

t
ff

bd

M

f
p

2

6.4
11

50    Or 

 bd
ff

bd

M

f
A

cky

u

ck

st
























2

6.4
11

5.0     
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Numerical 

Problem 1. 

A rectangular beam of 230 mm wide and 520 mm effective depth is reinforced with 4 -16 mm 

diameter bars. Find out the depth of neutral axis and specify the type of beam. The materials are 

M20 grade of concrete and HYSD reinforcement of grade Fe 415. Also find out the depth of 

neutral axis if the reinforcement is increased to 4-20 mm diameter bars.   

Solution: 

Case I:  28042014 mmAst   

Total compression uuuck xxxbf 16562302036.036.0   

Total tension NAf stck 2928480441587.087.0   

Equating  2902841656 ux  

         mmxu 3.175  

Limiting value of neutral axis, mmdxu 25052048.048.0max,   

 max,uu xx   

Section is under-reinforced. 

Case II: 212563144 mmAst   

Total compression uuuck xxxbf 16562302036.036.0   

Total tension NAf stck 453479125641587.087.0   

Equating  4534791656 ux  

         mmxu 8.273  

Limiting value of neutral axis, mmdxu 25052048.048.0max,   

 max,uu xx   

Section is over-reinforced. 

Depth of neutral axis, mmxx uu 250max,   

 

 



Limit State Method 

 

Dr. Santosh Kumar Nayak                                                 23 
 

Problem 2. 

A singly reinforced rectangular beam of width 230 mm wide and 460 mm effective depth is 

reinforced with 3-20 mm diameter bars. Find out the factored moment of resistance of the 

section. The materials are M20 grade of concrete and HYSD reinforcement of grade Fe 415. 

Also find out the factored moment of resistance of the section if the reinforcement is increased to 

5-20 mm diameter bars.   

Solution: 

Case I:  29423143 mmAst   

Total compression uuuck xxxbf 16562302036.036.0   

Total tension NAf stck 34010994241587.087.0   

Equating  3401091656 ux  

         mmxu 4.205  

Limiting value of neutral axis, mmdxu 8.22046048.048.0max,   

 max,uu xx   

The section is under-reinforced and mmxu 4.205  

Moment of resistance,  
ustyu xdAfM 42.087.0     

          6104.20542.046094241587.0     

        kN12.127    

Alternatively,   
uucku xdxbfM 42.036.0 

 

          6104.20542.04604.2052302036.0 
  

          kN12.127    

Case II: 212563144 mmAst   

Total compression uuuck xxxbf 16562302036.036.0   

Total tension NAf stck 453479125641587.087.0   

Equating  4534791656 ux  

         mmxu 8.273  
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Limiting value of neutral axis, mmdxu 8.22046048.048.0max,   

 max,uu xx   

The section is over-reinforced and mmxx uu 8.220max,   

Moment of resistance,   
uucku xdxbfM 42.036.0 

 

          6108.22042.04608.2202302036.0 
  

          mkN.29.134    

The actual stress in the steel, stf , when the section is subjected to lim,uM  is determined by 

equating the total tension and total compression. 

 ustst xfA 1656  

 8.22016561256 stf  

 2/1.291
1256

8.2201656
mmNf st 


   

as against 2/36141587.087.0 mmNf y   

Problem 3. 

A singly reinforced rectangular beam is subjected to a bending moment of 36 kN-m at working 

loads. The width of the beam is 200 mm. Find the depth and steel area for balanced section. The 

materials are M20 grade of concrete and mild steel reinforcement.  

Solution: 

Factored moment Mu = 1.5 x working moment = 15 x 36 = 54 kN.m 

For M20 grade of concrete and Fe 250, 96.2lim Q  

  mm
bQ

M
d

u
302

20096.2

1054 6

lim

lim,





   

For area of steel,  

  









d

x
dAfM

u

styu

lim,

lim, 42.0187.0   

            53.042.0130225087.01054 6  stA   

                                    stA579951054 6   
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                                             21057 mmAst   

Problem 4. 

Design a singly reinforced rectangular beam subjected to an applied factored moment of 120 

kN.m. Assume the width of section as 230 mm. The materials are M20 grade of concrete and 

HYSD reinforcement of grade Fe 415. 

Solution: 

mkNM u .120        2/415 mmNf y   

mmb 230      76.2lim Q  

2/20 mmNf ck       96.0lim p  

Balanced depth of neutral axis, mm
bQ

M
d

u
8.434

23076.2

10120 6

lim

lim,







 

Increase the depth by 5% and add 40 mm effective cover. 

 mmD 5.496408.43405.1   

Taking D as nearest multiple of 25 mm, D = 500 mm 

                                               ent)reinforcem ofcentroid (upto10-cover)clear(30500 d  

 mm460  

                                           47.2
460230

10120
2

6

2







bd

M u   

   bd
ff

bd

M

f
A

cky

u

ck

st
























2

6.4
11

5.0   

    
296.873460230

20415

47.2
20

6.4
11

5.0 mmAst 




















   
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  Alternatively, 826.0

6.4
11

50

2

























cky

u

ck

t
ff

bd

M

f
p     

 291.873460230
100

826.0

100
mmdb

p
A t

st 







  

                                       2lim,

lim, 68.1015460230
100

96.0

100
mmdb

p
A

t

st 







  

Provide 3-20 mm # = 3 x 314 = 942 mm2. 

Thus,  lim,,, stprovidedstreqdst AAA   

Dimension of designed beam mmmmDb 500230   

     2942#203 mmmmAst   

Problem 5. 

A rectangular cantilever beam of size 230 mm width and 500 mm effective depth is subjected to 

a bending moment of 80 kNm at working loads. Find the steel area required. The materials are 

M20 grade of concrete and HYSD reinforcement of grade Fe 415.  

Solution: 

mkNM w .120        2/415 mmNf y   

mmb 230      76.2lim Q  

2/20 mmNf ck       96.0lim, tp  

  

 Factored moment, mkNM u .120805.1   

                                                      
622

limlim, 1050023076.2  dbQMu  

 mkN.7.158  

        lim,uu MM   

The beam will be designed as under-reinforced. 

Area of steel  
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                                     09.2
500230

10120
2

6

2







bd

M u

 

                                         

 























cky

u

ck

t
ff

bd

M

f
p

2

6.4
11

50   

     673.0
20415

09.2
20

6.4
11

50 




















     

                                      
295.773500230

100

673.0

100
mmdb

p
A t

st 







  

                                  2lim,

lim, 1104500230
100

96.0

100
mmdb

p
A

t

st 







  

Provide 3-20 mm # = 3 x 314 = 942 mm2 

Thus,  lim,,, stprovidedstreqdst AAA   

Dimension of designed beam mmmmdb 500230   

      2942#203 mmmmAst 
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Problem 6. 

A beam of 230 mm width and 400 mm effective depth is reinforced with 3-16 mm ϕ mild steel 

bars in tension. Compare both flexural capacities Mu and the strain in steel when (a) M20 mix is 

used and (b) M25 mix is used. Comment on the calculations. 

Solution: 

φ163 mm  
    

2/20 mmNf ck   

mmb 230  
    

2/25 mmNf ck   

mmd 400       2/250 mmNf y   

Case I: 

Area of steel,                26032013 mmAst   

Depth of neutral axis     styuck Afbxf 87.036.0   

                                       60325087.02302036.0  ux  

             5.1311521656 ux  

                      mmxu 2.79  

Limiting depth of neutral axis,          mmdxu 21240053.053.0max,   

Since, max,uu xx  , the section is under-reinforced. 

Flexural capacity,         
ustyu xdAfM 42.087.0 

 
 

             6102.7942.040060325087.0 
 

 

         mkN.1.48
  

Strain in concrete = 0.0035  

Strain in steel,  
   

2.79

2.79400
0035.0







u

u

cus
x

xd
   

      01418.0  

Case II: 

Area of steel,                26032013 mmAst   

Depth of neutral axis     styuck Afbxf 87.036.0   

                                       60325087.02302536.0  ux  
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             5.1311522070 ux  

                      mmxu 4.63  

Limiting depth of neutral axis,          mmdxu 21240053.053.0max,   

Since, max,uu xx  , the section is under-reinforced. 

Flexural capacity,         
ustyu xdAfM 42.087.0   

             6104.6342.040060325087.0 
 

 

         mkN.97.48  

Strain in concrete = 0.0035  

Strain in steel,  
   

4.63

4.63400
0035.0







u

u

cus
x

xd
   

      01858.0  

Comment: 

Increase in the moment of resistance due to increase in the grade of concrete, 

 %808.1100
1.48

1.4897.48



  

Increase in moment of resistance due to increase in the grade of concrete is insignificant. 

However, the strain in steel has increased considerably. This results in more ductile section, 

which results more deflection before failure. 

Problem 7. 

A singly reinforced beam of 5 m span is simply supported and carries a characteristic dead load 

of 18 kN/m and live load of 12 kN/m in addition to its self weight. Design the beam for flexure 

at mid span. Also, find out the section where half the reinforcement can be curtailed 

theoretically. The materials are M20 grade concrete and CTD bars of grade Fe 415. 

Solution: 

mlSpan 5,         
2/415 mmNf y   

2/20 mmNf ck       76.2lim Q  

Assume the width of the beam, b = 230 mm. 
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Depth may be assumed to be 
10

1
to

8

1
of span, say D = 600 mm. 

Load calculation: 

 Dead load = 18 kN/m 

 Live load   = 12 kN/m 

        Self weight = mkN /4256.023.0   

 Total load = 34 kN/m 

Maximum bending moment, mkNM .25.106
8

534 2

max 


  

Factored moment,   mkNM u .375.15925.1065.1   

Assuming one layer of 20 mm # bars 

  
2

)cover(30


 Dd   

   mm560
2

20
30600   

                                           76.221.2
560230

10375.159
2

6

2







bd

M u  

The section is under-reinforced. 

Area of steel,                       bd
ff

bd

M

f
A

cky

u

ck

st
























2

6.4
11

5.0
  

                                                  560230
20415

21.2
20

6.4
11

5.0 






















  

 232.927 mm  

Limiting percentage of steel, 























cky

ck

t
ff

Q
f

p

lim

lim,

6.4
11

50     
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96.0
20415

76.2
20

6.4
11

50 






















    

                                              2lim,

lim, 48.1236560230
100

96.0

100
mmdb

p
A

t

st 







  

Provide 2-20 mm # + 2-16 mm # = 2(314+201) = 1030 mm2 

Thus,  lim,,, stprovidedstreqdst AAA 
 

(Ok) 

 

Half the bars are required to be curtailed. 

 2515
2

1030
)( mmremainingAst   

 4.0
560230

515100100 ,










db

A
p

remainingst

t  

So,                                       























20415

6.4
11

504.0

2db

M

f

u

ck
    

                                   
2

23.011
2050

4154.0

db

M u



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                           834.0166.0123.01
2


db

M u  

 3237.1
23.0

834.01 2

2





db

M u  

   mkNM u .475.95105602303237.1 62    

 mkN
M

M u .65.63
5.1

475.95

5.1
  

 

Reaction at support kN85
2

534



  

 
 

Bending Moment at section XX, 65.63
2

34
85

2


x

xM x  

 0744.352  xx   

 
12

744.314)5()5( 2




x  
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         mmx 083.4or917.0  

Thus, half the bars can be curtailed theoretically at 0.917 m from either end. 

Note: This distance is theoretical one. The actual curtailment in practice is done by observing a 

few rules which will be discussed in detail later.   

Problem. 8 

A simply supported rectangular beam of 8 m span carries a uniformly distributed load of 23 

kN/m inclusive of its self weight. Determine the reinforcement for flexure. The materials are 

M30 grade concrete and TMT bars of grade Fe 415. 

Solution:  

mlSpan 8,         2/415 mmNf y   

2/30 mmNf ck       mkNQ .76.2lim   

 

 









d

x

d

x
fQ

uu

cku

max,max,

lim, 42.0136.0        

             14.448.042.0148.03036.0        

                                    























cky

u

ck

t
ff

bd

M

f
p

2

lim,

lim,

6.4
11

50   

       430.1
30415

14.4
30

6.4
11

50 




















   

Maximum bending moment, mkNM .184
8

823 2

max 


  

Factored moment,   mkNM u .2761845.1 
 

Assume, b = 250 mm 
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  mm
bQ

M
d

u

reqd 4.516
25014.4

10276 6

lim

lim,





   

Increase the depth by 10% and add 60 mm effective cover. 

                                               mmD 628604.5161.1   

Taking D as nearest multiple of 25 mm, D = 650 mm 

                                  layers)  twoofcentroid (upto10- bar) of (dia 20-cover)clear(30650 d  

                                     mm590  

                             14.417.3
590250

10276
2

6

2







bd

M u  

                                























cky

u

ck

t
ff

bd

M

f
p

2

6.4
11

50   

       023.1
30415

17.3
30

6.4
11

50 






















 

 

  

 2925.1508590250
100

023.1

100
mmdb

p
A t

st 







  

                           2lim,

lim, 25.2109590250
100

43.1

100
mmdb

p
A

t

st 







  
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Provide 5-20 mm # = 5 x 314 = 1570 mm2 

Thus,  lim,,, stprovidedstreqdst AAA 
 

(Ok) 

Problem. 9 

Determine the main reinforcement for a simply supported one-way slab of span 3 m carrying a 

uniformly distributed load of 5.5 kN/m2 inclusive of self-weight. Thickness of slab is 100 mm. T 

materials are M20 grade and HYSD reinforcement of grade Fe 415. Clear cover to main bars 

may be taken as 15 mm. 

Solution: 

Slab is designed as a beam of 1 m width. Consider 1 m width of slab. 

Load on the slab = 5.5 x 1 = 5.5 kN/m. 

Maximum bending moment, mkNM .19.6
8

35.5 2

max 


  

Factored moment,   mkNM u .28.919.65.1 
 

Using 10 mm bars,          mmd 80515100   

Width,          mmb 1000  

                                              45.1
801000

1028.9
2

6

2







bd

M u  

 























cky

u

ck

t
ff

bd

M

f
p

2

6.4
11

50   

                                           442.0
20415

45.1
20

6.4
11

50 




















  

  26.353801000
100

442.0

100
mmdb

p
A t

st 







  

Area of 8 mm diameter bar, 
250mmA   
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No. of 8 mm diameter bars per meter 8say072.7
50

6.353
  

Spacing of bars, ccmmsay
A

A
s

st

/14040.141
6.353

5010001000









 

Problem. 10 

A singly reinforced concrete beam of 200 mm width and 400 mm effective depth is reinforced 

with 4 bars of 16 mm diameter of Fe 415 steel. Take M20 grade of concrete. Use IS code method 

to  

a) Find the moment of resistance and redesign the beam if necessary.  

b) Determine the actual stresses when the section is subjected to the limiting moment of 

resistance. 

Solution: 

a) Moment of resistance 

φ164 mm  
    

2/415 mmNf y   

mmb 200  
    

2/20 mmNfck   

mmd 040      96.0lim, tp  

 

Area of steel,                28042014 mmAst   
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Depth of neutral axis     styuck Afbxf 87.036.0   

                                       80441587.02002036.0  ux  

             2.2902841400 ux  

                      mmxu 34.207  

Limiting depth of neutral axis,          mmdxu 19240048.048.0max,   

Since, max,uu xx  , the section is over-reinforced. 

The section is over-reinforced and the code recommends that such a beam should be redesigned 

keeping mmxx uu 192max,   

Moment of resistance,   max,max,lim, 42.036.0 uucku xdxbfM 
 

          61019242.04001922002036.0 
  

          mkN.30.88    

Area of steel,                2lim,

lim, 768100200
100

96.0

100
mmdb

p
A

t

st   

Alternatively 

Area of steel,              db
ff

Q
f

A
cky

ck

st
























lim

lim,

6.4
11

5.0     

 
276.762400200

20415

76.2
20

6.4
11

5.0 mm




















     

b) Actual stresses 

 mkNMmmA ust .30.88,8042014 lim,

2   

                                    mmxu 34.207 ,                mmxu 192max,   

The actual stress in the steel, stf , when the section is subjected to lim,uM  is determined by 

equating the total tension and total compression. 

 bxffA uckstst 36.0  
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 2001922036.0804 stf  

 2/88.343
804

276480
mmNf st    

 

The corresponding strain in steel, 

Strain in concrete = 0.0035  

Strain in steel,  
   

192

192400
0035.0







u

u
cus

x

xd
   

      00379.0  

Check:  

Lever arm,   mmxdZ u 36.31919242.040042.0 max,     

Moment of resistance, zbxfZforceeCompressivM ucku  max,36.0    

          61036.3192001922036.0     

          mkN.3.88    

Moment of resistance, zAfZforceTensileM ststu     

                                
61036.31688.343804    

 mkN.3.88  

Problem. 11 

A beam simply supported over a span of 7 m carries a live load of 20 kN/m. Design the beam for 

flexure, using M20 concrete and HYSD reinforcement of grade Fe 415. Take width equal to half 

the effective depth. Assume unit weight of concrete as 25 kN/mm3.  
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Solution: 

mlSpan 7,         2/415 mmNf y   

2/20 mmNf ck       76.2lim Q  

Depth may be assumed to be 
10

1
to

8

1
of span, say D = 600 mm for calculation of self weight of 

the beam. 

Width of the beam, mmDb 3006005.05.0   

Load calculation: 

 Live load   = 20 kN/m 

         Self weight = kN/m5.4256.03.0   

 Total load = 24.5 kN/m 

Maximum bending moment, mkNM .0625.150
8

75.24 2

max 


  

Factored moment,   mkNMu .09.2250625.1505.1   

After the above step, there can be two approaches: 

Approach I: 

Assuming one layer of 20 mm # bars 

  
2

)cover(30


 Dd   

   mm560
2

20
30600 

  

Width,                                 mmdb 2805605.05.0    

                                           76.2563.2
560280

1009.225
2

6

2







bd

M u  

The section is under-reinforced. 

Area of steel,                       bd
ff

bd

M

f
A

cky

u

ck

st
























2

6.4
11

5.0
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                                               560280
20415

563.2
20

6.4
11

5.0 






















  

   2508.1357 mm  

Limiting percentage of steel, 























cky

ck

t
ff

Q
f

p

lim

lim,

6.4
11

50     

                                                        

96.0
20415

76.2
20

6.4
11

50 






















    

 

                                         2lim,

lim, 28.1505560280
100

96.0

100
mmdb

p
A

t

st 







  

Provide 4-20 mm # + 1-16 mm # = 4 x 314 + 201 = 1457 mm2 

Thus,  lim,,, stprovidedstreqdst AAA 
 

(Ok) 

Approach II: 

Let d = effective depth required 

Width, db 5.0    
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                                22

limlim, 5.076.2 dddbQMu    

                               
63 1009.22538.1 d   

                                      mmd 38.546  

Increase the depth by 5% and add 40 mm effective cover. 

                                     mmD 70.6134038.54605.1   

Taking D = 620 mm 

                                   bar) of (dia 
2

20
-cover)clear(30620d  

                                     mm580  

Width, mmdb 2905805.05.0     

Load calculation: 

    Live load   = 20 kN/m 

         Self weight = kN/m5.4495.42562.029.0   

 Total load = 24.5 kN/m 

Maximum bending moment, mkNM .0625.150
8

75.24 2

max 


  

Factored moment,   mkNMu .09.2250625.1505.1   

                                           76.2307.2
580290

1009.225
2

6

2







bd

M u  

The section is under-reinforced. 

Area of steel,                       bd
ff

bd

M

f
A

cky

u

ck

st
























2

6.4
11

5.0
  

                                               580290
20415

307.2
20

6.4
11

5.0 






















  

   2214.1298 mm  
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Limiting percentage of steel, 























cky

ck

t
ff

Q
f

p

lim

lim,

6.4
11

50     

                                                        

96.0
20415

76.2
20

6.4
11

50 






















    

                                         2lim,

lim, 72.1614580290
100

96.0

100
mmdb

p
A

t

st 







  

Provide 4-20 mm # + 1-16 mm # = 4 x 314 + 201 = 1457 mm2 

Thus,  lim,,, stprovidedstreqdst AAA 
 

(Ok) 

 

 

Problem. 12 

A singly reinforced beam has width equal to 300 mm and total depth is equal to 650 mm with a 

cover of 40 mm to the centre of reinforcement. Design the beam for flexure, if it is subjected to a 

working moment of 160 kN.m. Use M20 concrete and HYSD reinforcement of grade Fe 415. 

(Use SP 16). 

Solution:  
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mmb 300        2/415 mmNf y   

mmD 650  2/20 mmNf ck   

Working moment, mkNM w .160  

Design moment,    mkNM u .2401605.1   

 2max,max,

lim, 42.0136.0 db
d

x
b

d

x
fM

uu

cku 







   

              62 1061030048.042.0148.02036.0    

            uMmkN  .02.308  

The beam is under-reinforced.  

                                           307.2
580290

1009.225
2

6

2







bd

M u  

From Table 2 of SP 16 

2bd

M u  tp  

2.30 0.757 

2.32 0.765 

For      7598.03.2307.2
3.232.2

757.0765.0
757.0,307.2

2





 t

u p
bd

M
 

Area of steel, 2434.1319
100

6103007598.0

100
mm

dbp
A t

st 





  

From Table 2 of SP 16, 955.0lim, tp  

             
2lim,

65.1747
100

610300955.0

100
mm

dbp
A

t

st 





  

Provide 5 nos. 20 mm # bars = 5 x 314 = 1570 mm2. 

Thus,  lim,,, stprovidedstreqdst AAA 
 

(Ok) 
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FLEXURE - Reinforcement Percentage, tp  for Singly Reinforced Sections as in Table 1, 2, 3, 4 

& E of SP 16 are reproduced as follows. 
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